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Part A (5x2= 10 marks)
Answer AL L questions

1. Let X bethesubspace[-1, 1] of thereal line. The set [-1, 0] and (0, 1] . form a separation
of X. Isthis statement TRUE? Justify.

2. Define: i) Subnet ii) A Freefilter.

3. Specify base for the box topology on a collection {(Xa t.)lae A} of topologica
spaces (with J , asits topology).

4. Define: i) Covering of a space. i) Bolzano-Weierstrass property.

5. Give an example with explanation: A topological space which is both Compact and
locally compact space.

Part B (5X5 = 25 marks)
Answer AL L _questions

6a If (X,9) and (Y,9) are connected topological spaces and f:(X, 9) — (Y, J') is a
continuous map then prove that f(X) is also a connected space..
OR

6b. Prove that the collection of connected subspaces of atopologica space (X,J) that have
apoint in common is connected.

7a  Let (X, 9) be atopological space and xe X. Suppose A is a fixed nbhd base at xe X.
Define the order<in A as
Ui U, & Uy cU;pforUg, Uz € Ua = A then prove that
(i) The A =Ugaongwiththerelation < isadirected set (A ,<).
(i) If wetakesome x, €U, V Ue Athen (X, ),_, isanetonX and
(iii) Provethat x, — X.
OR
7b. Let (X, ) beatopologica spaceand x e X .

If ECX thexe E < thereisanet () _, INEwith X — Xx.
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8a

OR

8b.

%a

OR
9b.

10a

OR
10b.

1la

OR
11b.

Let (X, ) be a topologica space. Let be a set. Let p: (X, §)—>Y be an
onto(surjective) map consider the collection 3, :{U cY/ptU) es}then prove
that 3 isatopology

Such that p: (X, §)— Y iscontinuous.

Define: Quotient mapping,
Let X=R with usual topology Ty onit, Y ={a, b, c}
p(x) = aif x>0,
= cifx=0
= b if x < 0then prove that
1) pisaquotient map.
1) Specify what is the quotient topology on it.

Let (X, 9) and (Y,J’) be topologica spaces. If xoe X and Y is compact then
Xox Y iscompact subspace of X xY.

Let (X, 9) be aHausdorff topological space, Let Y < X be compact subspace of X. Let
X, € X besuchthat x,¢Y then there exist U,V € Jsuchthat UV =f, x,eU and

YcV.

Let (X, 9) be aHausdorff topologica space, then X islocally compact iff for every x in
X and for every nbhd U of x and there exist a nbhd V of x such that V is compact and
Vcu {i.e xeV CVCU}

Prove that compactness implies limit point compactness.

Part C (5X7 = 35 marks)
Answer AL L questions

Define: Locally Path Connected Space at a point.

Let (X, ) be atopological space. Let (A,Ja) be a connected subspace of X and let B
be asubset of X suchthat Ac BandBc A (i.e. Ac B A) then provethat (B, T,) is
connected.

Define: Path Component.

Let (X, 9) be aconnected topological space and let (Y, §') beasimply ordered set
equipped with the usual ordered topology ' onY. Let f:(X,9) - (Y, J’) bea
continuous function then provethat, if a, b e X, andr €Y are >f(a) <r <f(b) then 3a
point ce X > f(c)=r.
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12a

OR
12b.

13a

OR
13b.

14a

OR
14b.

15a

OR
15b.

If (X, J) isatopological spaceand if (x ), _, isanultranetin X, and f:X —Y then

| eA

(f(x)),_, isanultranetinY. Describe and justify any two properties of afilter.

Suppose (X, 9) and (Y, &) aretopological Space, then f : X — Y iscontinuous
mapping at Xpoe X , then
f: X >Y iscontinuousat Xoe X <> F — X, thenf (F)— X,

Define: Quotient Topology.

Let (X, 9) be atopological space. Let Y be any set, then provethat p isaquotient
mapping if the following condition holds,
" A issubset of Y isclosed iff and p™(A) is closed.”

Define: Product topology on X, x X, x X, x...x X,
Lete X =RxRandY =Randlet [[,: RxR— R for every (x,y) € RxR then prove
that [1, iscontinuous, open, and surjective mapping.

Define: Compact Topological Space.
Let A and B be digoint Compact subsets of a Housdorff space (X, &) then prove that
there are digoint open setsU and V suchthat AcU and BcV.

If (X, J) and (Y, J) are compact topological Space then provethat product X xY is
also a compact topologica space.

Let (X, T) be atopological space.
Assume that the space X islocally compact Hausdorff space iff
there exist space Y satisfying following conditions,

() X isasubspaceof Y.

(i)  Theset Y-X consists of asingle point.

(iii) Y isacompact Hausdorff topological space.
Only provethefollowing
(1) X isa subspaceof Y. (2) Y isaHausdorff space.

Define: Compactification.
Let (X, 9) be atopologica space then prove that X is compact iff for every collection
A={A /a et} of closed subsets of X with finite intersection property then a A =f .
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